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Abstract. Having as start point the classic definitions of resolvent set and spectrum of a linear 
bounded operator on a Banach space, we introduce the resolvent set and spectrum of a family of 
linear bounded operators on a Banach space. In addition, we present some results which adapt to 
asymptotic case the classic results. 



O ■ 1 Introduction 

(N 



^ i Let X be a complex Banach space and L{X) the Banach algebra of linear bounded 

operators on X. Let T be a hnear bounded operator on X. The norm of T is 

||r|| = sMp{||Tx|| I X S X, ||x|| < 1} . 



The spectrum of an operator T G L[X) is defined as the set 

Sp{T) =C\r{T), 



< 

r~| ■ where r{T) is the resolvent set of T and consists in all complex numbers A G C for 

"j^ ! which the operator A/ — T is bijective on X. 

It is an important fact that the resolvent function A i-^ {XI — T)~^ is an analytic 
function from r{T) to L(X) and for A G r{T) we have 

d(A,r(r))> ^ 



> 
(N 

CO" Moreover, for A G r{T), the resolvent operator R{X,T) G L{X) is defined by the 

^ ■ relation R (A, T) = (A/ — T)~^ and satisfied the resolvent equation 

R (A, T)-R (/i, T) = - X)R (A, T) R {fi, T) , 



for all A,/x G r(T). Therefore, in particular, R{X,T) and R{fi,T) commute. 

We say that an infinite series of operators ^ T„ is absolutely convergent if the series 

\\Tn\\ is convergent in L{X) and |jX]T„,|| < ^ llT'nII- 
If ||T|| < 1, then 



03 ! 



{XI -ry^ = IZ^'' 



and it is absolutely convergent. A consequence of this is the fact that r{T) is an 
open set of C. 
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Theorem 1. Theorem 1.1. Let T € L{X) he a linear hounded operator on X. Then 
Sp{T) is a non-empty compact subset of C . 

The spectral radius of an operator T € L{X) is the positive number equal with 
SUPx&Sp{T) 1^1 ■ 

Theorem 2. Let T G LiX). Then 

sup |A| = lim ||T"||" . 

Ag5p(T) "-^"^ 

Let Q be an open neighborhood of Sp (T) and let H{Q) denote the space of all complex 
valued analytic functions defined on Q. The application f i— ?> f{T) : H{Q) L{X) 
defined by the relation 

f{T) = ^.j^f{\)R{\T)d\ 

where j is a contour which envelopes Sp{T) in Q, is called the holomorphic functional 
calculi of T . 



Theorem 3. Let T G L{X) and suppose that Q. is an open neighborhood of Sp{T). 
Then, for all f G H{Q), we have 

f{Sp{T)) = Sp{f{T)). 

We also remember that two operators T, 5 G L{X) are quasinilpotent equivalent if 

{S-Tp 



lim 

n— >oo 



{T-sy 



lim 

n— >oo 



0, 



where [T - 5)'"] = Y2=q for any n G N. 

The quasinilpotent equivalence relation is reflexive and symmetric. It is also transitive 
on L{X). 

Theorem 4. Theorem I.4. Let T,S £ L{X) be two quasinilpotent equivalent 
operators. Then 

Sp{T) = Sp{S). 



2 Asymptotic equivalence and asymptotic quasinilpotent 
equivalence 
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Definition 5. We say that two families of operators {Sh} , {Th} C L{X), with 
h S (0, 1] , are asymptotically equivalent if 

lim \\Sh -Th\\=0 . 

Two families of operators {Sh} , {Th} C L{X), with h G (0,1], are asymptotically 
quasinilpotent equivalent if 



lim limsup 



{Sh-Tht^ 



lim limsup 



{Th-Sht^ 



0. 



Proposition 6. The asymptotic (quasinilpotent) equivalence between two families of 
operators {Sh} , {Th} C L{X) is an equivalence relation (i.e. reflexive, symmetric 
and transitive) on L (X). 



Proof. It is evidently that the asymptotic equivalence is reflexive and symmetric. 
Let {Sh} , {Th} , {Uh} C L{X) be families of linear bounded operators such that 
{Sh} , {Th} and {Uh} , {Th} are respectively asymptotically equivalent. Then 

lim sup \\Sh — Uh\\ 

= limsup \\Sh -Th + Th-Uh\\ < hm \\Sh - Th\\ + hm \\Th - Uh\\ 

h^O h^O 

= . 

The asymptotic quasinilpotent equivalence is also reflexive and symmetric. 
In order to prove that it is transitive, let {Sh} , {Th} , {Ph} C L{X) such that 
{Th} , {Ph} and {Sh} , {Ph} be respectively asymptotically quasinilpotent equivalent. 
Then for any e > there exists a € N such that 



{Th-Phf'Ue 



and 



{Ph-Shr^'Us''-^, 

for every j, n — j > Ug and h S (0, 1] . 
Taking 



Mg 



max 

l<j<ne 



{Th - Ph 



{Ph - Sh) 



£3 



,1 



we obtain 



and 



{Th-Phi^ 

{Ph-Shi'^ 



< em,, 
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for every j € N and h € (0, 1] . 
In view of above inequality and the following equality 



k=0 

for every n € N and P G L{X), it results that 

n 

(T,-5,)["]|| < Y.Cn\\iTh-Phf^ 

k=0 

n 



(Ph - Sh) 



[n-k] 



k=0 

(2e)"M, 



2 

e 5 



for every n G N and /i G (0, 1] . 
Therefore 



and thus 



Consequently 



lim sup 



lim sup 



{Th-ShP <{2erM, 



lim lim sup 



in - Sh 



< 2e, 



for any e > 0. 

Analogously we prove that lim„_j.oo lim sup^^^^g i'^h — Th)^'^'^ 



0. 



□ 



Proposition 7. Let {8^} , {Th} C LiX) be asymptotically equivalent. 

i) If{Sh} is a bounded family of operators, then {n} is o.lso bounded and conversely; 

ii) {Sh} , {n} o,re asymptotically commuting (i.e. limh^^WShn — ThShW =0 ); 

iii) Let {Uh} C LiX) be a bounded family of operators such that liruh^Q \\ShUh — U^Sf^l 

. Then limh^o \\Uhn - nUh\\ = . 

Proof, i) If {Sh} is a bounded family of operators, then there is limsup^j^^g W^hW < 
oo. Since 

lim \\Sh - n\\ = , 
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it follows that 

limsup llT/tll = limsup\\Th - Sh + Sh\\ 

< lim ll^/i — Tftll + limsup IIS/ilI < oo. 

Therefore {T^} is a bounded family of operators. 
Analogously we can prove that if {Tfi} is a bounded family of operators, than {S^} 
is a bounded family of operators. 



\imsup\\ShTh-ThSh\\ =limsup\\ShTh - Sh^ + St'^ - T^S^^W < 

h-fO h^O 



< limsup ||5/j (5/, - T/j)!! + lim sup 11(5/1 - T/i) S/i I 

< 2 lim sup US'/ill II 5/j — T/JI < 0. 



iii) 



limsup||r/,^7,,-C/,,r/,|| =limsnp WnUh-ShUh + ShUh-UhSh + UhSh-UhThW < 



< limsup ||r/j[//i - S'/iC//i|| + limsup llS/ifZ/i - C//,S'/i|| + limsup llfZ/iS,, - [//iT;j|| < 

h->-0 /i-i-O h~yO 

< 21imsup \\Uh\\ \\Th - Sh\\ 

/i->0 



So 



Since {Uh} is a bounded family of operators, then there is limsup/j„5.o W^hW < oo. 



lim \\UhTh - ThUh\ 



□ 



Proposition 8. Let {Sh} , {T^} C L{X) be two bounded families of operators such 
thatlimh^o\\ShTh-ThSh\\ =0. Then 

i) limh^o \\ShTJ^ - TJ^S'f^W = 0, for any n,me N; 

ii) limh^o {Sh - Th)^"' = Unih^o \\{Sh - Th)'^\\ , for any n G N; 

iii) lirrih^o \\{ShThT - Sf,TJi\\ = 0, for any n e N. 
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Proof, i) We prove that lim/i_^o ll'S'/^^/i — ThS^\\ = 0, for any n € N. For n = 2 we 
have 

hmsup \\SlTh - ThSlW = hmsup \\Sh {ShTh) - Sh (ThSh) + (ShTh) Sh - (ThSh)Sh\\ < 



< 2hmsup||(5,,r/,) - {ThSh)\\ \\Sh\\ = 0. 



For n = 3 we have 



hmsup \\SlTh - ThSlW = hmsup \\Sh {SlTh) - Sh (ThSl) + (ShTh) Sl - {ThSh)Sl\\ < 

h^O /i-i-O 



< hmsup \\Sln - nSlW \\Sh\\ + l™ WShTh - ThShW \\sl\\ = 0. 

true we prove that 



Considering relation hm/j^o W^^Th — T^SJ^ 



/i-i-O " ' 



0. 



hmsup||5;^+iT;,-r„5;^- 



hmsup \\Sh {Sin) - Sh {ThSD + {ShTh) S^ - {ThSh)Sl\\ < 



< hmsup ||5;^T;,-r;,5;^|| 115^11 + hmsup ||5;,r;,-r;,5;,||||S^|| =0. 
Applying above relation to 5? and Th, it follows that 



\\ra\\SlTj^-Tj^Sl\ 



0, 



for every n, m E N. 

ii) and hi) can be proved analogously i). 

Proposition 9. Let {Sh} , {Th} C L {X) be two bounded families of operators. 



□ 



i) If{Sh} , {Th} are asymptotically equivalent, then are asymptotically quasinilpotent 
equivalent. 



ii) // limft_^o \\ShTh - ThSh\\ = and lim„_^oo limsup/,_^o {^h - Thf' 
then {Sh} , {Th} o-re asymptotically quasinilpotent equivalent, i.e. 



0, 



lim limsup 



0. 



iii) Let {Ah} C L{X) be a bounded families of operators. If {Sh} , {Th} are 
asymptotically quasinilpotent equivalent andWmh^Q \\ShAh — AhSh\\ = 0, then 
it is not necessary that lim/i_!.o \\ThAh — AhTh\\ = 0. 
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Proof, i) We prove that 



lim 



lim 



0, 



for any n € N. 

Since (T - = T(T - - (T - for any n e N, taking n = 2, it 

follows that 



lim sup 



in - Shf^ = hm sup wn in - Sh) -in-Sh)Sh\\ < 



< lim sup \\n in - Sh)\\ + limsup ||(T/, - 5/,) Shll < 
<limsup||r;,|| ||(T;,-5;,)|| +limsup||(r/,- 5^)11 \\Sh\\<0. 



By induction, we prove that if lim/j^o 



in-s^r 



0, then lim/i_j.o 



in-Sh)^' 



n+l] 



lim sup 

h-i-O 



lim sup 



in-Sht+'^ 

< lim sup nin - Sh 

< limsup ||r/,|| in-Shf 

Similarly we can show that lim/i_j.o 
When n — > cxD, we obtain 



+ lim sup 
+ lim sup 



< 



mn-Shr-in-SHrsH 
in-Shps, 

(r,-5,)["i|| <0. 

= 0, for any n € N. 



< 



lim lim sup 



iSh-nt^ 



iSh-ny 



lim lim sup 



in-snt 



ii) We remember that for any two bounded linear operators T and 5*, we have 



k=0 



k=0 



where n € N. 

Applying above relation to §i T^, when /i — > 0, we obtain 



lim sup 



lim sup 



in-Sht^ 
iSh - r,,)["i - i-ir-'-'c^in's, 



n-l 



n—k Q n—krp fc^ 
h — -Lh J 



k=0 



< 
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< limsup 



+ lim sup 



n-1 



k=0 

n-1 



< 



< limsup 



{Sh-np\ +5]C,"limsup 



fc=0 



By Proposition 8 ii), it follows 



lim sup 



< limsup 



Ti k o n—k o n~krri k 
h — J/i 



for any n G N. 

Analogously we can prove that lim sup^_j.Q 

iii) We suppose that the relation liuih-^Q 
taking = S^, for any h S (0, 1], since 



< limsup/j_ 



\ThAh-AhTh\\ = is true. Then, 



it follows 

fact that is not true. 



lim \\Sh' -Sh'W =0, 



lim \\ShTh - ThShW = 0, 



□ 



Proposition 10. Let {Sh} , {T^} C L{X) be two asymptotically quasinilpotent 
equivalent families and {Ah} C L{X) a bounded family. Then 

i) The families {Sh + A^} , {T^ + A^} are asymptotically quasinilpotent equivalent; 

ii) If {Ah} C L{X) is a bounded family such that lim/i_>.o HS/jA/j — = and 

liuih^o WThAh - AhThW = , the families {ShAh} , {ThAh} are asymptotically 
quasinilpotent equivalent. 

Proof, i) Since {Sh} , {Th} are asymptotically quasinilpotent equivalent, i.e. 



lim limsup 



then 



{Th-Shf^ 



lim limsup 



lim limsup 
0, 



lim limsup 



{Sh-Tht 



{{Th + Ah)-{Sh + Ah)r 
{{Sh + Ah)-{Th + Ah)t 
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so {Sh + Ah} , {T/j + Ah} are asymptotically quasinilpotent equivalent, 
ii) Since lim/,_^o \\ShAh - AhShW = and lim/i^o \\ThAh - AhTh\\ = 0, taking 
into account Proposition 9, it follows 



lim sup 



■ lim sup 



(ThAh-ShAhr-in-ShrAh' 

n 

(-1)"-'^Q^(T,A)'(5/.A)"-' - E {-ir-'ci;Th'Sh''-''A 



k=0 



k=0 



lim sup 



{-ir-''c^mAh)HShAhr-'' - n^Sh^-'Ah^Ah'^-'': 

k=0 



< 



< lim sup II (r;,^)'^ {ShAh 

+Th''Ah'Sh'"~'Ah''-'' - Th''Sh''-''Ah''Ah''~'\\ < 

n 

<YCn limsup {ThAh)'{ShAhr-' -Th^Ah'^Sh'^'^Ah^-'^ 
k=o '^^o 



Y'^n lim sup 



k=0 



+ 



< 



k=0 



< V lim sup \\iThAh)\ShAhr-'' - iThAh)'Sh''-'Ah^-''+ 

+{ThAh)''Sh''-'Ah''-'' - r,,^A'5h"-'A"-'||+ 



+ YCn lim sup Th' 

k Q n—k A n—k 



k=0 
n 



A n—k 
Ah 



< 



< VC^ limsup {ThAh)HShAhr-' - {ThAh)'Sh''-''Ah 



k=0 



+ YCn limsup {ThAhfSh''-'Ah''-''-Th'Ah'Sh''-'Ah''-'' 
k=o '^^o 

n 

< V lim sup (ThAh)' {ShAhT-' - 5^""'= A"-'^ 



+ 



< 



A:=0 



/i-+0 



+ 



+ VC^ limsup iThAh)''-Th'Ah'Sh''-'Ah^-' 



fc=0 



n—k 



Ah' 



n—k 



0. 
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Having in view that {Sh} , {Th} are asymptotically quasinilpotent equivalent 
and taking into account the above relation, it results 



lim limsup {ThAh - ShA^y'^^ 



lim limsup 



< lim (limsup (Th - ShY 



< lim lim 



limsup \\Ah\\ = 0. 



Analogously we can prove that lim„_>.oo lim sup/j_^o {ShAh — ThAhY"'^ 



0. 
□ 



3 Spectrum of a family of operators 

Let be the sets 

Cfc ( (0, 1] , B (X)) = {{f : [0,1] ^ B {X) \ ip (h) = such that if is countinous and bounded} 



and 



{7)i};jg(o i, C S(X) {T,,}^g,o -^j is a bounded family, i.e. sup \\Th\\ < 

fee (0,1] 



Co ((0,1], B{X)) = {^ea{{0,l], B{X))\hm Mh)\\ = 

fe— 5-0 



oo 



{™.e(o,i]Ci?(X) 



lim ||T,,|| = 

fe-i-O 



Ch ( (0, 1] , B (X)) is a Banach algebra non-commutative with norm 

||{r,,}|| = suph(z (^0^1] \\Th\\ , 

and Co ( (0, 1] , B (X)) is a closed bilateral ideal of C5 ( (0, 1] , B (X)). Therefore the 
quotient algebra Cf, ( (0, 1] , B (X)) /Cq ( (0, 1] , B{X)), which wih be called from 
now Boo, is also a Banach algebra with quotient norm 

\{Th}\\ = W{c/,},,(o,i,eCo((o,i], BiX)) \\{Th} + {Uh}\\ = W{s,J,,(o,„e{T,j Hi'^^ll • 
Then 



''^hsu},^^,,^€{n} < \\{Sh}\\ = suph^^o^^] \\Sh\ 



for any {Sh}hs{o,i] ^ i'^h}- Moreover, 
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If two bounded families {T/i}^g ^-^ , {S'ft j^g ^ C B{X) are asymptotically equivalent, 

then lim;,^o \\Sh -Th\\= 0, i.e. {n - 54hg'(o,i] ^ Co ( (0, 1] , B (X)). 

Let {r/i};^g(Q ^^], {S'ftl^g^g ;^] GCb( (0,1], S (X)) be asymptotically equivalent. Then 



limsup = limsup ||T/,,| 



limsup||5/,|| < sup;,g(o,i] \\Sh\\ 



Since 



results that 

limsup||5,|| =m/^^^^^^^^^^_^^^^^^^^liinsup||5,|| < in/^^^^^^ ^^^^^^^^^^^sup^^ (o,i] \\Sh\\ = \\{Th} 

for any {Sh}heio,i] € {Th}- 
In particular 

limlim||r/,|| < {f^,} < ||{r/,}|| = sup^g (o,i] ||T;»|| . 

Definition 11. We call the resolvent set of a family of operators {S^} gCi, {{0,1], B {X)) 
the set 

r {{Sf,}) = {X eC\3{n{X,Sh)} e Cb {{0,1] , B{X)), \\Tn\\{\I - Sh)n{\,Sh) - I\\ = 

/i->0 

= lim\\n{X,Sh){\I-Sh)-I\\ =0} 

We call the spectrum of a family of operators {Sh\ S Cf, ( (0, 1] , B {X)) the set 

Sp{{Sh})=C\r{{Sh]). 

Remark 12. i) If \ e r{Sh) for any h € (0,1], then A G r {{Sh}) ■ Therefore 
r\h€(o,i]^iSh) '^r{{Sh}); 

ii) If Xe Sp{{Sh}), then \X\ < limsup;,_^o W^hW ; 

iii) < |A| for any h G (0,1], then X ^r{{Sh}); 

iv) r{{Sh\) is an open set of C and Sp{{Sh}) is a compact set of C . 

Proof, iv) Let A G r {{Sh}). From Definition 11, it follows that there is {7^(A, S^)} G 
Cfe((0, 1] , B{X)) such that 

\\Tn\\{xi-Sh)n{x,Sh)-i\\ =\\i^\\n{x,Sh){xi-Sh)-i\\ =o. 
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|A-/x|< 



According to ii), it follows 1 G r ({(A — fi)TZ (A, Sh)}), therefore there is {7^(1, {X — fi)TZ (A, Sh))} G 
Cb {{0,1] , such that 

lim 11(1 - (A - /x)7^ (A, Sh)) n (1, (A - fi)n (A, 5;,)) - /|| = 

= hm ||7^ (1, (A - fi)n (A, Sh)) (/ - (A - ^)7^ (A, 5/,)) - /|| = 0. 
Having in view the above relation, it results 

hmsup\\{i^I-Sh)TZ{X,Sh)n{l,{X-ti)TZ{X,Sh))-I\\ = 

= lim sup II {XI - Sh) n (A, Sh) n (1, (A - ii) n (A, Sh)) - 

-{x-fi)n (A, Sh) n (1, {x-fi)n (A, Sh)) - 1\\ = 
= lim sup II {{XI - Sh) n (A, Sh) -i)n (1, (A - ^) 7^ (A, Sh))+n (i, (a - ^i) n (A, Sh)) - 

-{x-fi)n (A, Sh) n (1, (A - fi)n (A, s,,)) - /|| < 
< hm sup \\{{xi - Sh) n (A, Sh) -i)n (1, (A - /.) 7^ (A, SO) II + 

+ lim sup ||7e (1, (A - ^) 7^ (A, 5^) - (A - /i) 7^ (A, 5^ 7^ (1, (A - ^x)^Z (A, SO) - /|| < 

< lim sup II {{XI - Sh) n (A, Sh) - I) II ||7^ (1, (A - ^) 7^ (A, SO) II + 

+ lim 11(1 -{x-^)n (A, so)7e (1, (A - ^^)7^ (A, SO) - /|| = 0, 

so fie r {{Sh}), for every ^ G D{X, iimsupfe^oW(A,s,0|| )• Therefore, for any A G 
r ({SO), there is an open disk D{X, umsup^Jwizix.s^) ]] ) ^^ch that D{X, ii^,^p^^jn(x,Sn) \\ ) ^ 

If {Sh} is a bounded family, from ii) we have 

|A| < limsup \\Sh\\ < oo, 

for any A G Sp{{Sh}), so Sp{{Sh}) is a compact set. □ 
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Proposition 13. Let {Sh} S Cfe ((0, 1] , B {X)) be a family of operators and A G 
r{{Sh}). Then, for any {n{X,Sh)} e Cb{ {0,1], B {X)) such that 



iim\\{\i-Sh)n{\,Sh)-i\\ =\iui\\n{\,Sh){\i -Sh)-i\\ =o, 



we have 



lim \\Shn{x,Sh)-n{x,Sh)sj =o. 



Proof Let A € r {{Sh}) and {7^ (A, Sh)} S Cb { (0, 1] , B {X)) such that 

\im\\{XI-Sh)n{X,Sh)-I\\ = lim \\n{X,Sh) {XI -Sh)-I\\ =0. 

Using this relation we have 

lim sup WShTl (A, Sh) - n (A, Sh) SJ = lim sup ||7^ (A, 5^) (A/ - Sh) - {XI - Sh) 7^ (A, Sh) || 
= lim sup ||7^ (A, Sh) {XI-Sh)-I + I- {XI - Sh) 7^ (A, Sh) \\ < 



<\im\\{XI-Sh)n{X,Sh)-I\\ +lim\\n{X,Sh){XI-Sh)-I\\ =0. 



□ 



Proposition 14. (resolvent equation - asymptotic) Let {Sh} G Cb{{0,l] , B {X)) 
be a bounded family and A,// € r{{Sh})- Then 

lim \\n (A, Sh) - n {pi, Sh) -{fi-x)n (A, Sh) n Sh) \\ = o. 

Proof. Since {7^(A, and {R.{X, Sh)} are bounded, we have 

lim sup ||7^ (A, S,,) - 71 5/,) - (/i - A) 7^ (A, 5,,) R 5/,) || = 

= lim sup ||7^ (A, 5/,) (/ - (m, 5,,)) -{I-Xn (A, S/,)) 7^ (/i, Sh)\\ = 

= lim sup \\n (A, 5/,) (/ - {fii - Sh)n {pi, Sh))-{i-n {x, Sh) {xi - Sh)) n {p, Sh) \\ < 

h->0 

< hmsup ||7^ (A, Sh) {I - {pi - Sh)n {fi, Sh))\\ + hm sup \\{I-n (A, Sh) {XI - Sh)) n {fi, Sh)\\ < 
< lim sup \\n (A, Sh)\\ \\I - {pi - Sh)n {pi, Sh) II + 
+limsup||/-7^(A,SO(A/-50|| \\n{^l,Sh)\\ <o. 

□ 

Corollary 15. Let {Sh^ G Cf,((0, 1], B {X)) be a bounded family and A,/z € 
r{{Sh}) be not-equal. Then 

lim \\n (A, Sh) n {p, Sh) - n {p, Sh) n (A, 5^ || = o. 
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Proof. 

limsup \\^l{\,Sh)^l{^J',Sh) -n{n,Sh)TZ{x,Sh)\\ = 

= ^^lim sup II (A - /x) 7^ (A, 5,,) 7^ Sh) + {fi - A)7^ (/i, 5^) 7^ (A, 5;,) || 

= ^^lim sup II [n (A, Sft) - n {fi, Sh) - (/i - A) 7^ (A, Sh) n (m, 5,,)] + 
|A-/x| /j_,o 

+ [7e (/i, s,,) - 7^ (A, Sh) - (A - ^)7^ (/i, S/,) n (A, s^)] || < 
< ^^lim II [n (A, Sh) - n ifi, Sh) -{fi-x)n (A, Sh) n {fi, Sh)] \\ + 

+— ^ lim II [7^ (/X, Sh) - n (A, S,,) - (A - /i)7^ (/X, S,,) 7e (A, Sh)] II = 0. 

I A — /x| ft. -5-0 



□ 



Proposition 16. Let {Sh} S Cb((0, 1], he a hounded family. If X G 

r {{Sh}) and {7^^ (A, Sh)} € Cb ( (0, 1] , B {X)) , i = l^ such that 

hm\\{XI-Sh)ni{X,Sh)-I\\ = lim \\niiX,Sh)(,XI-Sh)-I\\ =0 

ft— !>0 ft— >-o 



/or i = 1, 2, t/ien 

Proo/. Let A € r {{Sh}) and {7^^ (A, Sh)} G ( (0, 1] , B {X)) , i = M, such that 

hu 

ft^ 

Therefore 



hm||7ei(A,50-^2(A,5;,)|| =0. 

ft-i>0 



lim\\{XI-Sh)ni{X,Sh)-I\\ = lim \\ni{X,Sh) {XI - Sh)-I\\ =0 

ft— >0 ft->0 



nmsup||7ei(A,5^) -7^2(A,S/,)|| = 

ft^-0 

= hmsup ||7^l (A, Sh) - n2 (A, Sh) - (A - A) 7^l (A, 5,0 7^2 (A, Sh) II = 

ft-^0 

= hmsup ||7^l (A, 5/0 (/ - Xn2 (A, S/,)) - (/ - A7^l (A, 5^)) (A, Sh)\\ = 

ft->0 

hmsup ||7^l (A, 5^) (/ - {XI - Sh) 7^2 (A, Sh)) -{I -Hi (A, (A/ - 5;,)) 7^2 (A, 5^ || < 

< hmsup ||7^l (A, Sh) {I - {XI - Sh) 7^2 (A, Sh))\\ + 
+hm sup II (/ - 7^l (A, Sh) {XI - Sh)) 7^2 (A, Sh) II < 

< hm sup ||7^l (A, Sh) II ||/ - {XI - Sh) 112 (A, Sh) \\ + 
+hmsup ||/ - 7^l (A, Sh) {XI - Sh)\\ ||7^2 (A, Sh)\\ < 

□ 
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Proposition 17. Let {Sh} G Cb ( (0, 1] , B (X)) be a bounded family, A G r {{Sh}) 
and {7^(A, Sh)} G Cf, ( (0, 1] , B {X)) such that 

lim\\{XI-Sh)n{X,Sh)-I\\ =lim\\n{X,Sh)iXI-Sh)-I\\ =0. 

If {Rh} € Cb {{0,1] , B {X)) is a bounded family such that it is asymptotically 
equivalent with {TZ{X, S^)} G Cb { (0, 1] , B {X)), then 

lim \\{XI-Sh)Rh-I\\ =lim\\Rh{XI-Sh)-I\\ =0. 

h->0 /i->0 

Proof. Let X G r {{Sh}). It results 

limsup||(A/-5/,)i2/,-/|| = 

= \imsnp \\{XI - Sh) Rh - {XI - Sh)n{X,Sh) + {XI - Sh)n{X,Sh) - 1\\ < 

< limsnp \\{XI - Sh) Rh - {XI - Sh)n{X,Sh)\\+ limsup || (A/ - 5^) 7^ (A, 5^) - /|| < 

< limsup \\XI -Sh\\\\Rh-n{X,Sh)\\ <0. 

Analogously we can prove that lim/j__s.o \\Rh (A/ — Sh) — I\\ =0. □ 

Proposition 18. Let {Sh} G Cb {{0,1], B{X)), X G r{{Sh}) and {n{X,Sh)} G 
Cb { {0,1] , B{X)) such that 

lhn\\{XI-Sh)n{X,Sh)-I\\ = lim \\n{X,Sh) {XI -Sh)-I\\ =0. 

Then 

\imsnp\\n{X,Sh)\\^0 . 
Proof. Suppose that lim sup^_^Q jj?^ (A, ^/i) || =0. Since 

i = ||/|| < \\{xi - Sh)n{x,Sh) - 1\\ + \\{xi - Sh)n{x,Sh)\\ 

And taking into account that {Sh} G Cb ((0, 1] , B {X)), it follows that 

l<limsup|l(A/-5fc)7^(A,5,,)-/|l + lim sup ||(A/ - 5;,) 7^ (A, 5/,) || < 



< limsup||A/-5;,|l |17^(A,5,,)|| < |A| + limsup limsup ||7^(A, = 0, 

contradiction. □ 



Proposition 19. Let {Sh} G Cf,((0, 1] , B{X)). If X, fi e r{{Sh}) such that there 

are {n{X, Sh)} , {n{fi, Sh)} G Cb { (0, 1] , B {X)) with property lim^,^o (A, Sh) - U {fi, 

0, then X = ^. 
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Proof. For A € r {{Sh}) let {7^(A, Sh)} G Cb ( (0, 1] , B {X)) such that 

lim\\{XI-Sh)n{X,Sh)-I\\ =lim\\n{X,Sh){XI-Sh)-I\\ =0 

and for r {{Sh}) let {7^(^, 5/,)} € Cf, ( (0, 1] , B (X j) such that 

lim \\{fiI-Sh)n it,, Sh)-I\\ =lhn\\n{ti,Sh)inI-Sh)-I\\ =0. 

h^O /i-i>0 



If 



lim||7^(A,S/,)-7^(^,5/,)|| = 0, 



Having in view Proposition 17, we obtain 



Hence 



lim \\{tiI-Sh)n{X,Sh)-I\\ =lim\\n{X,Sh){f,I-SH)-I\\ =0. 



hm sup II (A/ - 5/,) 7^ (A, S^) - {^d - S^) Tl (A, S^) \\ < 



< \imsup\\{XI-Sh)n{X,Sh)-I\\ + lim\\{fiI-Sh)n{X,Sh)-I\\ =0. 
Therefore 

|A — /u| lim sup ||7?- (A, 5/1)11 =0 
And according to Proposition 18 ( lim sup/j_j.o 

||i? (A, Sh)\\ / ) it follows A = ^. □ 

Lemma 20. If two bounded families {Sh} , {Th} & Ci,{ (0, 1] , B {X)) are asymptotically 
equivalent and there is {Rh (A)} € Ct ( (0, 1] , B {X)) such that 

lim\\{XI-Sh)Rh{X)-I\\ =Hm\\Rh{X){XI-Sh)-I\\ =0, 

then 

lim\\{XI-Th)Rh{X)-I\\ =lim\\Rh{X)iXI-Th)-I\\ =0. 

Proof. Since the two families {Sh} , {Th} G ((0, 1] , B (X)) are asymptotically 
equivalent, i.e. lim/j^o \\Sh — Th\\ = , we have 

limsup||(A/-r„)i?,,(A) -/|| = 



= lim sup II (A/ - Th) Rh (A) - {XI - Sh) Rh (A) + {XI - Sh) Rh (A) - /|| < 

h^O 

< lim sup ||(A/ - Th) Rh (A) - {XI - Sh) Rh (A)|| +limsup ||(A/ - Sh) Rh (A) - /|| 

h^O h^O 

= limsup\\ThRh{X)-ShRh{X)\\ < limsup HT;, - 5,,|| \\Rh{X)\\<0. 



h->-0 h-^0 



□ 
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Remark 21. Since B^ = Cb{ (0, 1] , B (X)) /Cq ( (0, 1] , B {X)) is a Banach algebra, 
then make sense 

r ({Sh}) = I A G C| 3{Rh} G B^ a.. (x{I} - {Sh}) {Rh} = {1} = {Rh} f A{/} - { 



and 

Sp({Sh})=C\r({Sh}). 



Let{Sh} eCb{{0,l], B{X)) andXer{{Sh}). Fie {7^(A, 5^)} G ^ ( (0, 1] , B (X)) 
such that 

lim\\{XI-Sh)n{X,Sh)-I\\ =lim\\']Z{X,Sh){XI - Sh)-I\\ =0. 

By Proposition 17, it results that for any {TZ'{X, Sh)} G {TZ{X, Sh)} , we have 
\im\\{XI-Sh)n'{X,Sh)-l\\ =lim\\n'{X,Sh){XI-Sh)-l\\ =0. 

Moreover, for every {S'h} G {Sh}, by Lemma 20 we have 

\\ui\\{xi-s'h)n{x,Sh)-i\\ =\\m\\n{x,Sh){xi-s'h)-i\\ =o. 

Therefore every representative of class {lZ{X,Sh)} G -Boo is an "inverse" for any 
representative of class {Sh}- 

Theorem 22. Let {Sh} G ((0, 1] , B {X)). Then 

Sp{{Sh}) =Sp{{Sh}). 



Proof. Let A G r \ {Sh}y Then there is {Rh} G -Boo such that 

'a{/} - {Sh}) {Rh} = {1} = {Rh} (m - {Sh} ) ■ 



Taking into account the algebraic relations of the Banach algebra B^o, it results 
{/} = (a{/} - {Sh}) {Rh} = {XI - Sh}{Rh} = {(A/ - 'Sh)Rh}- 



Therefore {{XI - Sh) Rh-I} eB^, i.e. 

lim \\{XI-Sh)Rh-I\\ =0. 

/i->0 

Analogously we can show that lim/j^o \\Rh (A-f — Sh) — I\\ = 0. Then A G r {{Sh})- 
Conversely, let A G r{{Sh}). Then there is {7^(A,5/,)} G Cb((0, 1], B {X)) such 
that 

\im\\{XI-Sh)n{X,Sh)-I\\ = lim \\n{X,Sh) {XI -Sh)-I\\ =0. 

Let {Rh} G {n{X,Sh)}. Then 

lim ||(A/-S/,)i?/,-/|| = lim \\Rh {XI -Sh)-I\\ =0 

h-s-O h^O 

and {{XI - Sh) Rh-I}, {Rh {XI - Sh) - /} G B^o, i.e. 

(a{/} - {Sh}) {Rh} = {{XI - 'Sh)Rh} = {1} 
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and 

{Rh} (a{/} - {54) = {Rh{XI-Sh)} = {/}. 
Therefore A G r ({Sh}) ■ □ 



Remark 23. Let {Sh} G Cb{{OA], B {X)) and A G r{{Sh})- Then there is 
{Ti{X, Sh)} G Cb ( (0, 1] , B (X)) such that 

l[m\\{\I-Sh)niX,Sh)-I\\ =hm\\n{X,Sh){XI-Sh)-I\\ =0. 
if and only if 

(a{/} - {5,}) {n{x,Sh)} = {/} = {n{x,Sh)} {x{i} - {Sh}) . 

Proposition 24. Let {Sh} , {Th} G Cb{{0, 1] , B {X)) be two families, //lim/^^o \\ThSh - ShTh 
0, then hm/,_^o \\R{X,Th)Sh - ShR{X,Th)\\ = 0, for any X G r{{Th}). 

Proof If A G r{{Th}), then there is {7^(A, T^^)} G C;, ( (0, 1] , B (X)) such that 

lim ||(A/-^,)7^(A,^,)-/|| = lim |17^(A,^,) (a/ - r,) - /|| =o. 

Therefore 

hm ||r/,5;,-S/,r/,|| =0 4^ {Sh}{fh} = {Th}{Sh} ^ 

{4}{7^(A;^J} = {7^(A;^J}{54 ^/im||i?(A,T45,,-5,,i?(A,T4|| =0. 

□ 

Remark 25. i) Let {Sh} , {Th} G Cb ( (0, 1] , B (X)) such that Sh is asymptotically 
equivalent with Th, £ (0, 1] . Then 

Sp{Th) = Sp{Sh),yh e (0,1]. 

a) Let {Sh} , {Th} GCfe((0, 1], B {X)) be asymptotically equivalent. Then 

Spi{T,^}) = Sp{{S,J). 

Theorem 26. Let {Sh} , {Th} G Cb ( (0, 1] , B {X)) be two asymptotically quasinilpotent 
equivalent families. Then 

5p({rj) = 5p({5j). 
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Proof. Let A € '''{{Tfi})- Then there is {Tl{X,Th)} € -Boo such that 

- {T,}) m>^,n)} = {n{x,n)} (x{i} - {rj) = {/}. 



Since B^o is a Banach algebra, the map A i-^ {TZ{X,Th)} -rdT^}) — > B^o is analytic. 
Let Di = {A G C| |A - Ao| < n} C r{{Tj) and Dq = {X£ C| |A - Ao| < ro} with 
n > ro- 
Set 

1 d"- 

{Rn (A)} = - {']Z{X,n)},yn G N, 



and 



n! dX 
(-If 



{i?(A)}= j;i^{(5,-T,)W}{i?„-(A)}. 



If we set Ml = sup^^j^^ {TZ {n, Th)}, 



, it follows that 



< 



(ri-ro)" 



Deriving the relation ( A{/} — {T^}) {TZ{X,Th)} = {/} by n times, we obtain 

dX'~^"'--'^"'' -^dX^' 



^ W - ^^h}) TT^AT^ (A, m = -n-—-^{n (A, T,)}. 



Moreover, since 



we have 



A{/} - {Sh}) {R{X)} = {XI - S,} ^-^{{Sh - nf^}{Rn\X)} 



5^ LJL{xi - s,}{is,-n)^-^}{RUx)} 



E M!r-{(^^ - r/.)'""*"'^}{^n(A)} + (a{/} - m) {7^(A,^,)}- 



n=0 



n=l 
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= E {(^^ - nt'''^}{Rn{x)} + (a{/} - m) {7^(A,^,)}- 

n=0 

n=l 

= E ^!r-{(^'^ - Tkt'''^}{Rn{x)} + (a{/} - {T,}) {Tziin)}- 

n=0 

-E^^{(S>^-nP}{Rn-l{X)}. 

n=l 

Therefore Xer{{S^}). 

Analogously we can prove the other inclusion. By Theorem 22, it results that 

5p({rj) = 5p({rj) = Sp{{sj) = 

□ 

Theorem 27. Zei {Th} € Cf, ((0, 1] , B {X)) and Q be an open set which contains 
Uh6(o 1] ^Pi'^h)- Then for any analytic function f : ^ C we have 

sp{{f{n)}) = f{spaTh}))- 

Proof If {Th} € Cb ((0, 1] , B (X)), then there is a M < oo such that \\Th\\ < M, 
V/i G (0,1]. Therefore Sp{Th) C D{0,M) V/i € (0,1], so that U/te(o,i] -^Pl^h) is a 
bounded set. 

"5" Let / : — 7- C be an analytic function and A S Sp{{Tfi}). For ^ S f], we define 
the function 

1 /'(A),e = A 

Hence 17 : ^ C is analytic and 

/ (Th) - / (A) I = <7 in) in - A/) = in - a/) (r^ , 

for any h € (0, 1] . 

We suppose that / (A) G r ({/ (r^}). Then there is {7^(/ (A) , / (T^))} C B{X) 
such that 

lim ||(/(A)/- /(T,))7^(/(A), /(T,))-/|| = 
= lim||7^(/(A), fin)){f{X)I- fin))-I\\ =0. 
Having in view the last relation, we have 

]im\\{n-xi)g{n)n{f{x), f{n))-i\\ = 

h-i-O 

= lim ||7^ (/ (A) , / in)) g {n) {n - XI) - I\\ = 0.(*) 
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Since 

g{Th)Th = ThQ {Th) , 

for any h S (0, 1] , according to the properties of holomorphic functional calculi it 
follows 

9{Th)f{n) = f{Th)g{n), 
for every h € (0, 1]. Applying Proposition 21, we obtain 

lim ||<7(T;,)7^(/(A), /(^^))-7^(/(A), /(r;,))<7(r;,)|| =o. 



Hence 



lim \\g {Th) n if (A) , / {n)) {n - A/) - /|| 



= lim \\g {Th) n (/ (A) , / (T^)) {n -\I)-n (/ (A) , / (T^)) g (n) {n - XI) + 

+n if (A) , / in)) g in) in - m) - 1\\ < 

< lim||5(^^)7^(/(A), /(T^))-7^(/(A), f{Th))g{Th)\\ HT;, - A/|| + 

+ lim \\n if (A) , / in)) g in) in - a/) - /|| = 0.(**) 

From (*) and (**), it results 

lim Win - XI) g in) n if (X), f{Th))-I\\ = 

= lim \\g (Th) n if (A) , / (n)) {n - XI) - I\\ = 0, 

h-s-O 

so A G r {{Th}), contradiction with X e Sp {{Th}). Therfore / (A) G Sp {{f{Th)}). 
"C" Let Xe Sp {{f{Th)}). If A ^ f{Sp {{n})), then A / f{0 for any ^ G Sp {{Th}). 
Let ft' an open neighborhood U/ig(o i] ^Pi'^h) and 

for every ^ G Jl'. Then h is an analytic function and applying the holomorphic 
functional calculi, we obtain 

h {Th) (/ {Th) - XI) = (/ {Th) - XI) h {Th) = I, 

for any h G (0, 1]. Therefore A G r{f{Th)), for any h G (0, 1]. Since flheCO,!] (fC^h)) Q 
r{{f{Th)}) (Remark 3.2 i)), it follows A G r{{f{Th)}), contradiction with A G 
Sp{{f{T,^)}). Hence A G f{Sp{{Th})). 

□ 

Definition 28. A family {Uh} C L{X) is calling asymptotic quasinilpotent operator 
if 

II — 

lim limsup ||C//j"|| " =0. 
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Theorem 29. A family {Uh} € Ci((0, 1] , B (X)) is an asymptotic quasinilpotent 
operator if and only if Sp {{Uh}) = {0}. 



Proof. Let {Uh} S Ch{{0,l], B (X)) be an asymptotic quasinilpotent operator. 
Then {^7^} is asymptoticahy spectral equivalent with {0}^^ ^ G Cb{ (0, 1] , B {X)). 
By Theorem 26 it follows that 

spi{Uh}) = spm) = m- 

Consequently, suppose that Sp{{Uh}) = {0}. By Theorem 22, we have 

Sp[{Uh})=Spi{Uh}) = {0}. 

Then the spectral radius of {Uh}, which we will call from now r^p (^{Uh}^ , is zero. 
Since 



' sp 



{Uh}) = lim ({Uh} 



it follows that 



lim 

n— >oo 



But, on the other hand, we have 
\Vh} 



lim 

n— >oo 



" =0. 



= lim limsup ||?7/i'^ 

By the above relations, we obtain 

lim lim sup ' 



so 



that {Uh} is an asymptotic quasinilpotent operator. 



□ 
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